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This paper deals with the problem of ﬁnding the stress distribution in the neighborhood of
a peripheral edge crack in a spherical cavity. The crack is excited by a torsional standing
wave.
The problem is solved by using integral transforms and is reduced to the solution of a
singular integral equation. The solution of this equation is obtained numerically by the
method due to Erdogan, Gupta, and Cook, and the stress intensity factors are displayed
graphically.
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The purpose of the present investigation is to analyze the diffraction of a torsional wave by a spherical cavity with an
internal peripheral edge crack in an inﬁnite, isotropic elastic medium.
Although the static elastic fracture problem of a spherical cavity having an edge crack has been the subject of some inves-
tigations (Atsumi and Shindo, 1983a,b; Lee, 2002; Krstic, 1985; Nilson and Proffer, 1984), to the present author’s knowledge
the diffraction of elastic waves by a peripheral edge crack in a spherical cavity has not been investigated so far.
However, works on the diffraction of elastic waves in a cylinder with a crack have appeared in the past. Chen (1979) stud-
ied the problem of an inﬁnite cylinder having a penny-shaped crack under a step stress to the crack surface whereas Atsumi
and Shindo (1982) dealt with the problem of the torsional impact response in an inﬁnite cylinder with a circumferential edge
crack using Laplace transform and numerical inversion technique.
Related works with the present problem can be found in the papers by Dhaliwal et al. (1981, 1986) in which mixed
boundary value problems concerning a hemisphere are considered.
In the present paper by the method of integral transforms the problem is reduced to that of solving a singular integral
equation of the ﬁrst kind transformed from a dual integral equation. This singular integral equation was solved by the
numerical technique described in the paper by Erdogan et al. (1973).
We take the axis perpendicular to the plane of the crack as the z-axis and use polar coordinates r and h for deﬁning the
position of an element in the plane of the crack. A spherical coordinate system ðq;/; hÞ is also used. The radius of the spher-
ical cavity is taken to be the unity, and there is a peripheral edge crack of depth, c ¼ c 1 as depicted in Fig. 1. For conve-
nience, the center of the spherical cavity will be taken as the origin.
Due to symmetry of the problem, functions involved are independent of h and the only non-vanishing displacement is the
h-direction component, t ¼ tðr; z; tÞ. Consequently, all stress components except srh and shz are zero and the shear stresses
are given by the following equations:. All rights reserved.
Fig. 1. Geometry and coordinate systems.
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:In the sequel, the harmonic time factor expðixtÞ will be omitted from all ﬁeld quantities.
2. Conditions on the crack face
The geometry of Fig. 1 is applicable and the boundary conditions areszh ¼0; 1 6 r < c; z ¼ 0; ð2:1Þ
t ¼0; c 6 r < 1; z ¼ 0; ð2:2Þ
sq/ ¼0; q ¼ 1; 0 6 / 6 p: ð2:3Þ
A suitable representation for the scattered wave ts will bets ¼
Z 1
0
nAðnÞJ1ðnrÞesðnÞzdnþ
X1
n¼1
bnh
ð1Þ
2n ðkqÞP12nðcos/Þ; ð2:4Þwhere J1 is the Bessel function of the ﬁrst kind and h
ð1Þ
2n is the spherical Hankel function of the ﬁrst kind and P
1
nðxÞ is the asso-
ciated Legendre function and sðnÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  k2
q
¼ i
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2  n2
q
and k ¼ x=c2.
We assume that the elastic solid is excited by a standing wave (e.g. Sih and Loeber (1968))ti ¼ t0ðr=cÞ sin kz;
and the stress expression issihz ¼ s0ðr=cÞ cos kz;
where s0 ¼ lt0k, and t ¼ ts þ ti and so on. From the boundary condition (2.2), we getZ 1
0
nAðnÞJ1ðnrÞdn ¼ 0; c 6 r: ð2:5ÞIf we choose nAðnÞ to be
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Z c
1
gðtÞJ2ðntÞdt; ð2:6Þwe see that (2.5) is automatically satisﬁed. A simple calculation leads to the expressionsshz ¼ l
Z 1
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o
oz
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ð1Þ
2n ðkqÞP12nðcos/Þ:Here we use the deﬁnition in Erdélyi et al. (1953)Pmn ðcos/Þ ¼ ð sin/Þm
dmPnðcos/Þ
dðcos/Þm ¼ ð sin/Þ
mPðmÞn ðcos/Þ:Thus, from boundary condition (2.1), we obtain
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 
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s0; 1 6 r < c: ð2:7ÞTherefore if we put AðnÞ given by (2.6) into (2.7), we ﬁnally obtain
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; r < t: ð2:9Þand dðnÞ ¼ n sðnÞ and K and E in (2.9) are complete elliptic integrals of the ﬁrst and second kind, respectively.
3. Conditions on the surface of the spherical cavity
We complete the solution by satisfying the boundary condition (2.3). To do so, we ﬁrst express following term in spherical
coordinatest1 ¼
Z 1
0
nAðnÞesðnÞzJ1ðnrÞdn ¼ 
Z c
1
gðtÞ
Z 1
0
J2ðntÞJ1ðnrÞesðnÞzdndt: ð3:1Þ
NowZ 1
0
J2ðntÞJ1ðnrÞesðnÞzdn ¼
1
t2
Z t
s2IðsÞds; t > r > 0; ð3:2Þwhere IðtÞ is deﬁned byIðtÞ ¼
Z 1
0
nJ1ðntÞJ1ðnrÞesðnÞzdn: ð3:3ÞIn order to express IðtÞ in spherical coordinates, we use the following equation in Watson (1966, p. 370)J1ðnrÞesðnÞz ¼
X1
n¼1
in1ð2nþ 1Þ
nðnþ 1Þ jnðkqÞP
1
nðcos/ÞP1n
i
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  k2
q 
; ð3:4Þwhere jn is the spherical Bessel function of the ﬁrst kind. Thus IðtÞ is nowIðtÞ ¼
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nðnþ 1Þ jnðkqÞP
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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dn; ð3:5ÞTo evaluate the integral in the above equation, we utilize the following formula in Erdélyi (1937, p.118)im
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q ¼ inhð1Þn ðkqÞPmn ðcos/Þ; z > 0: ð3:6ÞIf we differentiate both sides of (3.6) with respect to z, and use the identityo
oz
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oq
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2 /
q
o
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;
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nþ12
ðkqÞ ¼ k Hð1Þ
n12
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; ð3:7Þwe obtain following equation: i
m
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o
: ð3:8ÞTherefore if we put / ¼ p=2 and m ¼ 1 into the above equation, since r ¼ q when / ¼ p=2, we ﬁnally obtain
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q
; ð3:9Þand the integral in (3.5) is equal to zero when n = odd. We again used (3.7) in (3.8) to obtain (3.9). If we change q to t in (3.9)
and substitute it in (3.5), then IðtÞ isIðtÞ ¼  k
i
X1
n¼1
ð4nþ 1Þh
ð1Þ
2n ðktÞ
t
P2nð0Þj2nðkqÞP12nðcos/Þ; t > q > 0; ð3:10ÞIf we expand J1ðntÞ as in (3.4)J1ðntÞ ¼
X1
n¼1
in1ð2nþ 1Þ
nðnþ 1Þ jnðktÞP
1
nð0ÞP1n
i
k
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2  k2
q 
;and use (3.6), then it can be shown when q > tIðtÞ ¼  k
i
X1
n¼1
ð4nþ 1Þ j2nðktÞ
t
P2nð0Þhð1Þ2n ðkqÞP12nðcos/Þ;which shows that ts satisﬁes radiation condition at inﬁnity, and which is useful for the problem for the region inside a
sphere. Thus t1 can be written ast1 ¼
Z 1
0
nAðnÞesðnÞzJ1ðnrÞdn ¼
X1
n¼1
anj2nðkqÞP12nðcos/Þ;where an is deﬁned asan ¼ ð4nþ 1ÞP2nð0Þ ki
Z c
1
gðtÞ
t2
h2nðktÞdt;
with
h2nðktÞ ¼
Z t
shð1Þ2n ðksÞds:Also, the standing incident wave ti can be expressed in terms of spherical coordinates as follows (Watson (1966, p. 369)):ti ¼ t0
c
q sin/ sinðkq sin/Þ ¼ t0
ck
X1
n¼1
ð1Þnð4nþ 1Þj2nðkqÞP12nðcos/Þ:The boundary condition (2.3) can be written asnzshz þ nrsrh ¼ 0;
where nz and nr are direction cosines of the normal to the surface q ¼ 1. In terms of spherical coordinates, this condition can
be expressed asot
oq
 t
q
¼ 0:Thus the boundary condition (2.3) leads to
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0
2nðkÞ  j2nðkÞ
kfhð1Þ2n ðkÞg0  hð1Þ2n ðkÞ
an þ ð1Þn t0ck ð4nþ 1Þ
 
: ð3:11ÞSo if we put this value of bn given by (3.11) into (2.8), we ﬁnally obtain following singular integral equationZ c
1
gðtÞ 2
p
R0ðr; tÞ  K1ðr; tÞ þ K2ðr; tÞ
 
dt ¼ f ðrÞ; 1 6 r < c; ð3:12Þ
where
K1ðr; tÞ ¼
Z 1
0
dðnÞJ2ðntÞJ1ðnrÞdn;
K2ðr; tÞ ¼  ki
X1
n¼1
1
2
 
n
n!
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h2nðktÞhð1Þ2n ðkrÞ
t2r
;
f ðrÞ ¼  s0
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r þ s0
lck2
X1
n¼1
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hð1Þ2n ðkrÞ
r
;
with
bn ¼
kj02nðkÞ  j2nðkÞ
kfhð1Þ2n ðkÞg0  hð1Þ2n ðkÞ
1
2
 
n
n!
ð4nþ 1Þð2nþ 1Þ2n:In the above equations we used the value P2nð0Þ ¼ ð1Þn 12
 
n=n!. A quantity of physical interest is the stress intensity factor
which is given asj ¼ lim
r!cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðr  cÞ
p
shzðr;0Þ: ð3:13Þ
We let
r ¼ c
2
ðsþ 1Þ þ 1; t ¼ c
2
ðsþ 1Þ þ 1; ð3:14Þand in order to facilitate numerical analysis, assume gðtÞ to have the following form:gðtÞ ¼ ðt  1Þ12ðc tÞ12GðtÞ; ð3:15Þ
With the aid of (3.14), gðsÞ can be rewritten asgðsÞ ¼ GðsÞ 1þ s
1 s
 1
2
: ð3:16ÞThe stress intensity factors k can therefore be expressed in terms of GðtÞ as
j ¼ l
ﬃﬃﬃﬃﬃ
2c
p
GðcÞ=c: ð3:17Þor in terms of the quantity actually calculatedj=l
ﬃﬃﬃﬃﬃ
2c
p
¼ GðcÞ=c4. Numerical analysis and discussions
In order to obtain the numerical solution of (3.12), substitutions are made by the application of (3.14) and (3.16) to obtain
the following expression:c
p
Z 1
1
1þ s
1 s
 1
2
GðsÞ R0ðs; sÞ þ p2 fK1ðs; sÞ þ K2ðs; sÞg
h i
ds ¼ f ðsÞ; 1 < s < 1; ð4:1ÞThe numerical solution technique is based on the collocation scheme for the solution of singular integral equations given by
Erdogan et al. (1973). This amounts to applying a Gaussian quadrature formula for approximating the integral of a function
hðsÞ with weight function ½ð1þ sÞ=ð1 sÞ12 on the interval [-1, 1]. Thus, letting n be the number of quadrature pointsZ 1
1
1þ s
1 s
 1
2
hðsÞds+ 2p
2nþ 1
Xn
k¼1
ð1þ skÞhðskÞ; ð4:2Þ
where
sk ¼ cos 2k 12nþ 1
 
p; k ¼ 1; . . . ;n ð4:3ÞThe solution of the integral equation is obtained by choosing the collocation points:
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 
; i ¼ 1; . . . ;n; ð4:4Þand solving the matrix system for GðskÞ
Xn
k¼1
R0ðsj; skÞ þ p2 fK1ðsj; skÞ þ K2ðsj; skÞg
h i
GðskÞ ¼ f ðsjÞ2nþ 12c ; j ¼ 1; . . . ; n; ð4:5Þ
where
GðskÞ ¼ GðskÞð1þ skÞ: ð4:6ÞWe consider the kernel K2ðr; tÞ. It has a generalized Cauchy-type singularity, and should be also speciﬁed in order to improve
the convergency of calculation. If we write K2ðr; tÞ ¼
P1
n¼1K
ðnÞðr; tÞ and using the following asymptotic formulae for the Bes-
sel functions in Abramowitz and Stegun (1964, p. 365)JmðzÞ 
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pm
p ez
2m
	 
m
; YmðzÞ  
ﬃﬃﬃﬃﬃﬃ
2
pm
r
ez
2m
	 
m
;and expanding KðnÞðr; tÞ asymptotically for large values of n when r and t are nearly unity, we obtain following equation:KðnÞðr; tÞ  K1ðr; tÞ ¼ 2pr
1
rt
 2nþ1
:The kernel K2ðr; tÞ is expressed in the formK2ðr; tÞ ¼ K0ðr; tÞ þ
X1
n¼1
½KðnÞðr; tÞ  K1ðr; tÞ;where K0ðr; tÞ has a generalized Cauchy type singularity and is given by the formK0ðr; tÞ ¼ 2pr2t
X1
n¼1
1
ðrtÞ2n
¼ 2
pr2tðr2t2  1Þ :If we let k approach to zero in (3.12) we obtain the solution for the static problem. By limiting process we obtain from
(3.12) as k ! 02
p
Z c
1
gðtÞ½R0ðr; tÞ þ Sðr; tÞdt ¼  s0lc r þ
1
4r4
 
; 1 6 r < c; ð4:7Þ
where
Sðr; tÞ ¼ 3p
16r4t3
2F1
3
2
;
5
2
;3;
1
r2t2
 
; ð4:8Þwith 2F1 being a hypergeometric function. This is in agreement with the solution for the static problem considered in Lee
(2002). A small error was detected in that paper; 1=r4 in (4.7) and (4.8) was recorded there as 1=r2 which is a mistake.
Numerical calculations have been carried out for k ¼ 1:5 and k ¼ 0:02. The values of dynamic stress intensity factor
jKj=s0l
ﬃﬃﬃﬃﬃ
2c
p
versus c are shown in Figs. 2 and 3. In Fig. 3 we compare the numerical solution of (3.12) with that obtained
using (4.7). We can notice that the agreement between the two results is very good.Fig. 2. The variation of dynamic s.i.f. for k ¼ 1:5.
Fig. 3. The variation of dynamic s.i.f. for k ¼ 0:02.
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The dynamic problem of diffraction of a torsional standing wave by a peripheral edge crack in a spherical cavity has been
solved by an integral transform method. The dual integral equation is reduced to a singular integral equation which is sub-
sequently solved by a numerical method. This numerical solution when the frequencyx is small agrees with the static solu-
tion very well. It is shown that the present singular integral equation agrees with the equation which is derived by a different
method for the static problem. This convinces that the present solution is correct.
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